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a b s t r a c t
We prove that every 3-strong semicomplete digraph on at least 5 vertices contains
a spanning 2-strong tournament. Our proof is constructive and implies a polynomial
algorithm for finding a spanning 2-strong tournament in a given 3-strong semicomplete
digraph. We also show that there are infinitely many (2k − 2)-strong semicomplete
digraphs which contain no spanning k-strong tournament and conjecture that every
(2k−1)-strong semicomplete digraphwhich is not the complete digraph K ∗2k on 2k vertices
contains a spanning k-strong tournament.
© 2009 Published by Elsevier B.V.
1. Introduction
We refer the reader to [4] for notation not defined here. A digraph D is a tournament (semicomplete digraph) if there is
precisely (at least) one arc between any pair of distinct vertices of D. A digraph is complete if every pair of vertices induces
a 2-cycle. The complete digraph on n vertices is denoted by K ∗n . An oriented graph is a digraph without 2-cycles.
Let D be a digraph. If there is an arc from a vertex x to a vertex y in D, thenwe say that x dominates y and use the notation
x→ y to denote this. If A and B are disjoint subsets of vertices of D such that there is no arc from B to A and a→ b for every
choice of a ∈ A and b ∈ B, then we denote this by A ⇒ B. We let N−(x) (respectively, N+(x)) denote the set of vertices
dominating (respectively, dominated by) x in D. Let d−(x) = |N−(x)|, d+(x) = |N+(x)|. Similarly, if X is a set of vertices in
D, then we denote by d+X (u) (d
−
X (u)) the number of vertices in X dominated by (dominating) u.
Paths and cycles are always directed. A digraph D is strongly connected (or just strong) if there exist a path from x to
y and a path from y to x in D for every choice of distinct vertices x, y of D. If a digraph is not strong then we can label its
strong components D1, . . . ,Ds, s ≥ 2, such that there is no arc from Dj to Di if j > i. We call this the acyclic ordering of
the strong components of D. In general this ordering is not unique, but it is so for semicomplete digraphs where we have
V (Di)⇒ V (Dj) for 1 ≤ i < j ≤ s.
A digraph D = (V , A) is k-strong if D− X is strong for every subset X ⊂ V such that |X | ≤ k− 1. A cut-vertex of a strong
digraph D is a vertex x such that D− x is not strong.
If X ⊆ V (D) then we denote by D〈X〉 the subgraph of D induced by X . We also use the notation D− S, where S ⊂ V (D),
for the digraph D〈V (D) \ S〉.
The following conjecture by Jackson and Thomassen seems difficult and even the existence of a function f (k) such that
every f (k)-strong digraph contains a spanning k-strong oriented graph is open already for k = 2. The bound 2k would be
best possible for general digraphs as shown by examples in [4, page 467].
Conjecture 1.1 ([6]). Every 2k-strong digraph contains a spanning k-strong oriented graph.
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Even for semicomplete digraphs Conjecture 1.1 is open for k ≥ 3. The case k = 2 follows from the following result by
Guo.
Theorem 1.2 ([5]). For every positive integer k, every (3k − 2)-strong semicomplete digraph contains a k-strong spanning
tournament. 
The purpose of this note is to show that the bound 3k − 2 can be improved, at least for k = 2 and give a conjecture for
the right bound for semicomplete digraphs for every k ≥ 1.
Let k ≥ 2 be an integer, let U andW be disjoint copies of the complete digraph K ∗2k−2 with vertex sets {u1, . . . , u2k−2}
and {w1, . . . , w2k−2}, respectively and let H ′ be the semicomplete digraph obtained from these by adding the arcs {uiwi|i =
1, 2, . . . , 2k−2} fromU toW and the arcs {wiuj|1 ≤ i, j ≤ 2k−2, i 6= j} fromW toU . It is easy to see thatH ′ is (2k−2)-strong
and that H ′ has no spanning k-strong tournament (for every spanning tournament T , some vertex in U will have out-degree
at most k− 1). By taking an arbitrary tournament C and adding all arcs fromW to C and from C to U we obtain an infinite
family of (2k− 2)-strong semicomplete digraphs containing no spanning k-strong tournament. This shows that the bound
in the following conjecture would be best possible for every k ≥ 1.
Conjecture 1.3. For every positive integer k, every (2k− 1)-strong semicomplete digraph on at least 2k+ 1 vertices contains a
k-strong spanning tournament.
Recall that every strong semicomplete digraph has a hamiltonian cycle (the proof is the same as for tournaments, see e.g.
[4, Theorem 1.5.1]) and hence contains a spanning strong tournament. This shows that Conjecture 1.3 holds for k = 1.
2. 3-strong semicomplete digraphs
We shall need the following simple lemma whose proof is included for completeness.
Lemma 2.1 ([2,5]). Let D = (V , A) be a k-strong digraph and let xy be an arc of D. If D has at least (k + 1)-internally disjoint
(x, y)-paths each of length at least 2, then the digraph D′ obtained from D by replacing the arc xy by the arc yx (or just deleting
xy if yx ∈ A) is k-strong. Furthermore, if D′ is not (k+ 1)-strong, then every minimum separating set S ′ of D′ is also separating
in D.
Proof. Suppose that D′ is not (k+ 1)-strong. Let S ′ be a minimum separator of D′. Then |S ′| ≤ k and there is some pair a, b
of vertices separated by S ′ in D′. It follows from the fact that yx ∈ A(D′) and the assumption on the number of internally
disjoint (x, y)-paths that S ′ does not separate x, y in D′. From this we get that {a, b} 6= {x, y} and that a, b are also separated
by S ′ in D. This shows that every minimum separating set of D′ is also separating in D. Since D is k-strong we have |S ′| = k
and hence D′ is k-strong. 
It is easy to see that up to isomorphism there is just one tournament T5 on 5 vertices with minimum in- and out-degree
2 and that T5 is 2-strong.
Theorem 2.2. Let D be a 3-strong semicomplete digraph on at least 5 vertices. Then D contains a spanning 2-strong tournament
T .
Proof. The proof is by contradiction. Suppose the claim is false and let D be a 3-strong semicomplete digraph on n ≥ 5
vertices which contains no spanning 2-strong tournament.
As we remarked above, every strong semicomplete digraph has a strong spanning tournament. Thus D contains a
spanning strong tournament. For each spanning strong tournament T of D, denote by s(T ) the number of cut-vertices in
T . By the assumption on D, each such tournament T satisfies s(T ) ≥ 1.
For each choice of T , z where T is a strong spanning tournament of D and z is a cut-vertex of T , denote by m(T , z) the
number of strong components in T − z. Choose T , z among all spanning strong tournaments in D and cut-vertices in these
so that:
(i) the number s(T ) of cut-vertices in T is as small as possible;
(ii) the number of strong componentsm(T , z) of T − z satisfies
m(T , z) = min{m(T ′, z ′)|s(T ′) = s(T ) and z ′ is a cut-vertex of T ′}.
Let D1,D2, . . . ,Dm, m ≥ 2 be the acyclic ordering of T − z and recall that V (Di)⇒ V (Dj) for 1 ≤ i < j ≤ m. Call an arc
uv of T a double arc if vu is also an arc of D.
Let U = V (D1) ∪ · · · ∪ V (Dm−1) andW = V (Dm). Since D is 3-strong there are at least 2 double arcs between U andW
in T . Let U ′ ⊆ U,W ′ ⊆ W be those vertices in U , respectively,W which are incident with a double arc between U andW .
Then it follows from the fact that D is 3-strong and has at least 5 vertices that max{|U ′|, |W ′|} ≥ 2 and |U ′| = 1 implies
|U| = 1, respectively |W ′| = 1 implies |W | = 1. If min{|U ′|, |W ′|} ≥ 2 then take a double arc xy, x ∈ U ′, y ∈ W ′ such that
d+U ′(x) ≥ 1 and d−W (y) ≥ 1. Such an arc exists since U ′ is a tournament on at least two vertices and Dm is strongly connected
and has at least two vertices. Now T has two internally disjoint (x, y)-paths of length 2 and it follows from Lemma 2.1 with
k = 1 that T ′ = T − xy + yx is a strong spanning tournament of D and that every cut-vertex of T ′ is also a cut-vertex of T ,
implying that s(T ′) = s(T ) by the choice of T . However, now we get a contradiction with the choice of T , z since T ′ − z has
fewer thanm strong components. Hence we must have min{|U|, |W |} = 1.
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Using that V (Di)⇒ V (Dj)when 1 ≤ i < j ≤ m and similar arguments based on Lemma 2.1, we see that the following is
true:
(1) If xy is a double arc and x ∈ V (Di), y ∈ V (Dj) where i < j, then either j = i+ 1 or j = i+ 2 and |V (Di)| = |V (Di+1)| =
|V (Di+2)| = 1.
(2) T has no double arc between two strong components Di,Dj of T − z where both of these have more than one vertex.
Suppose first that every strong component of T − z has size one, i.e., V (Di) = {xi}, i = 1, 2, . . . , n − 1. Then it follows
from (1) and the fact thatD is 3-strong that xjxj+2 is a double arc for j = 1, 2, . . . , n−3 and both of x1x2, xn−2xn−1 are double
arcs. If n ≥ 6 then consider the spanning tournament Tˆ = T−{x2x4}+{x4x2}. The only possible cut-vertices in Tˆ are x1, xn−1
and z and it is easy to check that if Tˆ − w is not strong then T − w is not strong either. Thus Tˆ contradicts the choice of T
since Tˆ − z has only n− 3 strong components. So we may assume that n = 5.
Note that because D contains the double arcs x1x2, x1x3, x2x4, x3x4 it follows from the choice of T , z that z is the only
cut-vertex of T and hence we have zx2, x3z ∈ A(T ). But now we obtain T5 as a subdigraph of D by taking the arcs
{x1x2, x1x4, x2x3, x2x4, x3x1, x3z, x4x3, x4z, zx1, zx2}, a contradiction to the assumption that D contains no spanning 2-strong
tournament.
Thus some component Di has more than one vertex. It follows from (1) and (2) above and the fact that D is 3-strong that
there are at least 2 double arcs with precisely one end in V (Di) and the other in V (Dj)where j = i− 1 or j = i+ 1. Without
loss of generality we may assume that i ≥ 2 and now it follows that there are at least 2 double arcs between V (Di−1) and
V (Di). Also by (2), V (Di−1) = {x} for some x. As D− {x, z} is strong, we conclude from (1) that i = 2.
Let a, b ∈ V (D2) be such that a→ b and xa, xb are double arcs. Since D2 is strong d−D2(a), d−D2(b) ≥ 1 and by Lemma 2.1
and the choice of T (satisfying (i) and (ii)), we get that d−D2(a) = d−D2(b) = 1 and b ⇒ V (D2) − {a, b} (otherwise we could
replace xa by ax or xb by bx and get a better choice for T ).
Claim 1. D has at least 6 vertices.
Proof of Claim 1. Suppose n = 5. Then m = 2, V (D2) = {a, b, c} for some c and ca is an arc of T . As D is 3-strong
there are at least two arcs from {a, b, c} to z. Suppose first that az 6∈ A(D). Then D contains the following copy of
T5 : {ab, ax, bz, bc, ca, cz, xb, xc, za, zx}. So we may assume that az ∈ A(D). If {cz, zb} ⊂ A(D) then D contains the following
copy of T5 {xa, xc, ab, az, bx, bc, ca, cz, zx, zb}. On the other hand, if A(D) contains at most one of the arcs cz, zb, then it
follows from the fact that D has minimum in- and out-degree 3 that {bz, zc, cb} ⊂ A(D), implying that D contains the copy
{ab, az, bx, bz, ca, cb, xa, xc, zc, zx} of T5, a contradiction. 
Claim 2. There is no double arc bu where u ∈ V (D3).
Proof of Claim 2. Suppose there is such an arc bu. Since b⇒ V (D2)− {a, b} it follows from Lemma 2.1 and the choice of T
that V (D2) = {a, b, c} for some c. (If b had more than one out-neighbour in V (D2), then we could apply the lemma to the
double arc bu.) Let T ′′ = T − {xb, bu} + {ub, bx}. Then T ′′ is a spanning strong tournament of D (as z has an arc to the initial
strong component V (D1) and an arc from the terminal strong component V (Dm) of T−z and these arcs are also in in T ′′) and
Z = T ′′〈V (D1) ∪ V (D2) ∪ V (D3)〉 is strong. Furthermore, in T ′′ there are two internally disjoint (b, u)-paths of length 2 and
two internally disjoint (x, b)-paths of length 2 as x→ u→ b→ x. This implies that every p ∈ V which is a cut-vertex in T ′′
is also a cut-vertex in T . To see this, it suffices to notice that T − v and T ′′− v are both strong for v ∈ {a, b, c}; if we remove
one of x, u from T ′′, then b and the other vertex will be in the same strong component and finally if p ∈ V − {x, u, a, b, c}
then x, u, b belong to the same strong component of T ′′−p. Nowwe obtain a contradiction to the choice of T since either T ′′
has fewer cut-vertices or z is still a cut-vertex but T ′′− z has fewer strong components than T − z, contradicting the choice
of T , z. 
Claim 3. There is no double arc au where u ∈ V (D3).
Proof of Claim 3. This is similar to the proof above. Again we would conclude that V (D2) = {a, b, c} for some c and the
tournament T ∗ = T − {xa, au} + {ua, ax} violates the choice of T . Here we used that T − v and T ∗ − v are both strong for
v ∈ {a, b, c} and that T ∗ has two internally disjoint (a, u)-paths and two internally disjoint (x, a)-paths of length 2. 
Claim 4. There is no double arc xc where c ∈ V (D2)− {a, b}.
Proof of Claim 4. Suppose there is such a vertex c. Then V (D2) = {a, b, c}must hold as each of these vertices must have in-
degree 1 in the strong tournamentD2. By Claim 1,m ≥ 3 and arguing as above there can be no double arc cuwith u ∈ V (D3);
so we obtain a contradiction to the fact that D is 3-strong. 
Claim 5. There is no double arc bc where c ∈ V (D2)− {a, b}.
Proof of Claim 5. Suppose there is such an arc bc . Suppose first that ac is an arc of T . As d−D2(a) = 1, there is some other
vertexw ∈ V (D2)−{a, b, c} such thatw→ a. Now b→ w→ a→ c; so replacing T by T ′′′ = T−{xb, bc}+{cb, bx}weagain
obtain a contradiction to the choice of T , z. Hereweused that T ′′′〈V (D1)∪V (D2)〉 is strong and that T ′′′ contains two internally
disjoint (x, b)-paths and two internally disjoint (b, c)-paths; so no vertex in V − {x, b, c} can separate the vertices x, b, c.
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Fig. 1. A strong tournament T on 5 vertices which cannot be made 2-strong by reversing one of the dotted arcs. If we replace all dotted arcs by 2-cycles
we obtain a 3-strong semicomplete digraph D containing T as a spanning tournament. Reversing both of the arcs xa, az we obtain a 2-strong spanning
tournament of D.
Fig. 2. An example of a k-strong semicomplete digraph in which both arcs of a 2-cycle are critical for k-strong connectivity when k ≥ 4. The set C denotes
a complete digraph on k− 4 vertices. All connections not shown are 2-cycles. In particular x and y form a 2-cycle. The sets T1,H1 satisfy that H1 ⇒ T1 − x
and show that we cannot delete x→ y. The sets T2,H2 satisfy that H2 ⇒ T2 − y and show that we cannot delete y→ x.
Thus we may assume that c → a in T . First observe that we must have V (D2) = {a, b, c} because a, b⇒ V (D2)− {a, b, c};
so if |V (D2)| > 3, then there must be some vertex d ∈ V (D2)with d→ c . Let T˜ = T − {xb, bc} + {cb, bx}. In T˜ we have two
internally disjoint (b, c)-paths and two internally disjoint (x, b)-paths and it follows as above that T˜ contradicts the choice
of T . So V (D2) = {a, b, c} and by Claim 1 we have m ≥ 3. By Claims 2 and 3, there is no double arc from V (D2) − c to D3,
implying that {c, z} separate D3 from V (D2) in D, contradicting the fact that D is 3-strong. 
Now consider the partition V1 = {x, a, b, z}, V2 = V − V1 of V . It follows from the claims above and (1) that there are no
arcs from V2 to V1 − {a, z}, contradicting the fact that D is 3-strong. This completes the proof of the theorem. 
See Fig. 1 for an example of a 3-strong semicomplete digraph D and a spanning strong tournament T of Dwhere we need
to reverse two arcs of T to get a 2-strong tournament. The proof above can be turned into a polynomial algorithm for finding a
2-strong spanning tournament in an arbitrary 3-strong semicomplete digraph.We leave the details to the interested reader.
3. Concluding remarks
One approach to proving Conjecture 1.3 would be to apply induction on the number of 2-cycles in D. Here we can
concentrate on semicomplete digraphs for which every arc in a 2-cycle is critical for being (2k− 1)-strong.
The structure of such semicomplete digraphs is not known and it even takes some work to construct a k-strong
semicomplete digraph in which some 2-cycle has the property that both of its arcs are critical. Fig. 2 gives such an example.
To see that it is indeed k-strong it suffices to observe that already the symmetric part (the 2-cycles) of D is k-strong. The
easiest way to see this is to observe that the symmetric part D−C is 4-strong and since every vertex of C is in a 2-cycle with
every other vertex, we increase the degree of strong connectivity by one for each new vertex we add to C .
By replacing the vertex a by a k-strong tournamentwe can obtain exampleswith arbitrarilymany vertices for any k ≥ 4.1
Finally we point out that this paper is based on an unpublished manuscript from 1995 which was referenced in [3,
Proposition 7.14.5] and [4, Proposition11.10.5]. Recently Theorem 2.2 was used in [1] to prove that every 5-strong locally
1 In [3, Figure 7.17] another example was described. Unfortunately that digraph is not k-strong as claimed since the set A in [3, Figure 7.17] has only
k− 1 out-neighbours.
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semicomplete digraph which is not semicomplete contains a spanning 3-strong local tournament (see [3,4] for definitions
of these classes of digraphs). Hence we decided to make our proof of Theorem 2.2 available in published form.
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